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ABSTRACT
DESIGN OF A STYLUS WITH VARIABLE TIP COMPLIANCE
O¨ZDEMI˙R CAN KARA
Mechatronics Engineering M.Sc. Thesis, August 2018
Thesis Supervisor: Assoc. Prof. Volkan Patoglu
Keywords: Physical human-robot interaction (pHRI), physical impedance
modulation, compliant mechanisms, negative stiffness, pseudo rigid body modeling
Humans are known to modulate the impedance properties of their fingers in order to
physically interact with the environment. For instance, painting or palpating fragile
objects require high compliance of the fingers, while writing and measuring entails
high precision position control, for which the stiffness of the fingers is increased
considerably.
In this thesis, we present the design, modeling, implementation, characterization
and user verification of a stylus with variable tip compliance. In particular, we
propose a variable stiffness mechanism as a compliant stylus that features an ad-
justable tip stiffness such that users can modulate compliance as needed to match
the requirements of the task they perform.
The variable stiffness of the stylus tip is achieved through transverse stiffness vari-
ations of axially loaded beams around their critical buckling load. Integrating an
axially loaded beam with a compliant transmission mechanism, the stylus tip stiff-
ness can be modulated over a large range. In particular, very low stiffness levels can
be rendered with high fidelity, without sacrificing the mechanical integrity and load
bearing capacity of the stylus.
Compliant transmission mechanism of the stylus is analyzed through pseudo rigid
body modeling which is a convenient and efficient way of modeling flexible ele-
ments exhibiting non-linear characteristics under large deflections. Furthermore, a
novel pseudo rigid body model for a fixed-guided buckling beam that captures the
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transverse stiffness variations around the first critical buckling load is proposed and
verified. These models are integrated to derive a lumped parameter model of the
compliant stylus with adjustable tip stiffness. The lumped parameter model due
to pseudo rigid body modeling promotes ease of analysis for design, by hiding the
underlying modeling complexities of continuum mechanics from the designer.
We provide experimental characterization results detailing the range of stiffness mod-
ulation achieved with several prototypes and verifying the accuracy of the equivalent
pseudo rigid body model. We also present a set of human subject experiments that




DEG˘I˙S¸TI˙RI˙LEBI˙LI˙R UC¸ ESNEKLI˙G˘I˙NE SAHI˙P STYLUS TASARIMI
O¨ZDEMI˙R CAN KARA
Mekatronik Mu¨hendislig˘i Yu¨ksek Lisans Tezi, Ag˘ustos 2018
Tez Danıs¸manı: Doc¸. Dr. Volkan Patog˘lu
Anahtar Kelimeler: Fiziksel insan-robot etkiles¸imi, fiziksel empedans
modu¨lasyonu, esnek mekanizmalar, negatif sertlik, sahte rijit cisim modelleme
I˙nsanların, c¸evreleriyle fiziksel olarak etkiles¸ime girmek ic¸in parmaklarının empedans
o¨zelliklerini kontrol ettikleri bilinmektedir. O¨rneg˘in, boyama ya da kırılgan nes-
nelerle etkiles¸im parmakların yu¨ksek esneklig˘ini gerektirirken, yazma parmakların
sertlig˘inin o¨nemli o¨lc¸u¨de arttırıldıg˘ı yu¨ksek hassasiyetli pozisyon kontrolu¨nu¨ gerek-
tirir.
Bu tezde, deg˘is¸ken uc¸ esneklig˘ine sahip bir stylus tasarımı, modellemesi, uygu-
lanması, karakterizasyonu ve kullanıcı dog˘rulaması sunulmaktadır. Kullanıcıların
gerc¸ekles¸tirdikleri go¨revin gereksinimlerini kars¸ılamak ic¸in, cihaz esneklig˘ini gerekli
seviyede modu¨le edebileceg˘i ayarlanabilir uc¸ sertlig˘ine sahip bir stylus olarak kul-
lanılabilen, deg˘is¸ken esneklig˘e sahip bir mekanizma o¨nerilmis¸tir.
Stylus ucunun deg˘is¸ken esneklig˘i, kritik burkulma yu¨klerinin etrafında eksenel olarak
yu¨klenmis¸ kiris¸lerin enine sertlik varyasyonları ile elde edilmis¸tir. Eksenel olarak
yu¨klenmis¸ bir kiris¸in esnek bir aktarma mekanizması ile bu¨tu¨nles¸tirilmesi sonucu
stylus ucunun esneklig˘i genis¸ bir aralıkta ayarlanabilmektedir. O¨zellikle, c¸ok yu¨ksek
esneklik seviyeleri, stylusun mekanik bu¨tu¨nlu¨g˘u¨nden ve yu¨k tas¸ıma kapasitesinden
o¨du¨n vermeden, yu¨ksek dog˘rulukla elde edilebilmektedir.
Stylusun esnek gu¨c¸ iletim mekanizması, bu¨yu¨k sapmalar altında lineer olmayan
o¨zellikler sergileyen esnek elemanların analizi uygun ve etkili bir yolu olan sahte ri-
jit cisim modellemesi yoluyla analiz edilmis¸tir. Ayrıca, birinci kritik burkulma yu¨ku¨
etrafındaki enine rijitlik deg˘is¸imlerini kapsayan bir ucu sabit dig˘er ucu kayar mesnetli
burkulma kiris¸i ic¸in yeni bir sahte rijit cisim modeli o¨nerilmis¸ ve dog˘rulanmıs¸tır. Bu
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modeller, ayarlanabilir uc¸ esneklig˘ine sahip stylusun yuvarlanmıs¸ parametre mod-
elini elde etmek ic¸in bir araya getirilmis¸tir. Sahte rijit cisim modellemesine bag˘lı
yuvarlanmıs¸ parametre modeli, tasarımın analizini kolaylas¸tırarak, su¨rekli ortam-
lar mekanig˘inin altında yatan modelleme karıs¸ıklıklarını tasarımcıdan saklaması ne-
deniyle tercih edilmektedir.
C¸es¸itli prototipler ile elde edilen esneklik deg˘is¸im aralıg˘ını ve es¸deg˘er sahte rijit cisim
modelinin dog˘rulug˘unu teyit eden deneysel karakterizasyon sonuc¸ları sunulmus¸tur.
Ayrıca, farklı stylus sertliklerinin insan performansı u¨zerindeki etkinlig˘ini ortaya
koyan bir dizi insanlı deneylere yer verilmis¸tir.
vi
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Stylus is originated from Latin word ‘stilus’, which means a pen shaped instrument
to be used for writing on wax tablets. Today, the utilization of styli has been increas-
ing as touch screens and haptic interfaces become ubiquitous. Styli are commonly
employed for pointing, navigating, writing, drawing, painting, indenting and mea-
suring on touch screens, as well as for palpating and probing stiffness of tissues to
detect their abnormalities in medical applications. Drawing with a stylus can provide
better feel rather than drawing with fingertip, since the stylus mimics the natural
hand position with a pen and provides better control at drawing applications.
During physical interactions with the environment such as touching different sur-
faces, gripping and holding objects, humans are known to modulate impedance
properties of their limbs. For instance, writing and measuring necessitate highly ac-
curate position control for which the stiffness of the fingers is increased considerably,
whereas stiffness of the fingers is lowered for task such as painting or palpating soft-
/fragile objects. Therefore, tools that have variable stiffness promise to be effective
at tasks where human interacts with the environment, as variable stiffness property
not only can help ensure the completion of desired task with more precision, but
also may improve the adaptability of the tool for different environments. Moreover,
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variable stiffness tools are known to be advantageous for ensuring safety, improv-
ing stability, dynamic performance and energy efficiency of interaction tasks. There
exists strong evidence in the literature that during tool use representations of the
body expand to include “external” object that is being held [4]. Along these lines,
several studies [5–8] provide evidence that prostheses with stiffness modulation can
improve the performance of an amputee, when the impedance of the prosthesis is
matched with the requirements of the task. These studies indicate that the physi-
cal properties of any tool that acts as an extension of the body are important and
properly matched tool impedance can significantly improve task performance.
In this study, we propose a compliant stylus that features a manually variable tip
stiffness such that the users can adjust the stylus compliance as needed to match the
requirements of the task they perform. Variable stiffness of the stylus tip is achieved
through transverse stiffness variations of axially loaded beams around their criti-
cal buckling load. Through integrating an axially loaded beam with a compliant
mechanism, we show that the stiffness of the stylus tip can be modulated over a
large range that includes very low stiffness levels. In particular, the tip stiffness of
the stylus can be modulated (i) by application of the axial compressive loading to
increase tip compliance and (ii) by application of tensile axial loading to increase the
tip stiffness. The compliant design of the variable stiffness stylus possesses many ad-
vantages, such as high precision, absence of friction, stiction, wear and backlash that
enable ease of miniaturization. We derive a model for tip stiffness through pseudo
rigid body analysis of the underlying compliant mechanism and the buckling beam
around its buckling load, and verify these models through experiments. We also
provide experimental results detailing range of stiffness modulation achieved with a
prototype. Finally, we report results from human subject experiments that provide
evidence on the effectiveness of variable stiffness stylus on the human performance.
2
1.1 Contributions
The main contributions of this thesis can be summarized as follows:
• A novel compliant stylus with manually adjustable tip stiffness is proposed
and designed.
The design can assume a large range of tip stiffness values to match with
the requirements of various tasks. In particular, in addition to very high tip
stiffness levels, very low stylus tip stiffness levels have been achieved without
sacrificing the mechanical integrity and load bearing capacity of the stylus,
thanks to the proposed design based on negative stiffness characteristics of the
buckling beam.
The design inherits the advantages of compliant mechanisms. In particular,
absence of parasitic effects such as friction, stiction, wear and backlash enables
high fidelity stiffness rendering, good agreement with the analytical model, and
ease of miniaturization.
Manual adjustment is preferred for a low cost, easy to use design. The design
allows for actuation to be added to the system through the tensioning mecha-
nism; however, electronic components and the controller add some additional
complexity.
• A pseudo rigid body model for the compliant stylus with manually adjustable
tip stiffness is derived.
A novel pseudo rigid body model is proposed for fixed-guided beams that
captures their transverse stiffness change around their first critical bucking
load. The proposed model is based on the analytical solution of buckling
beams and has been experimentally verified.
Modeling the stiffness changes of fixed-guided beams in a lumped parameter
model, the proposed model is integrated with the pseudo rigid body of the
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compliant transmission mechanism to derive a lumped parameter model of the
compliant stylus with manually adjustable tip stiffness. The lumped parameter
model proposed by pseudo rigid body modeling promote ease of design by
hiding the underlying modeling complexities of continuum mechanics from the
designer.
• Several prototypes of compliant stylus with manually adjustable tip stiffness
have been implemented and characterized.
The prototypes have been experimentally characterized and verified to possess
a large stiffness range that can achieve an order of magnitude change in the
tip stiffness, while being capable of rendering very compliant tips (as low as
0.07 N/mm). Furthermore, excellent agreement (RMS errors less than 3%)
between the stiffness characteristics of the prototypes and the predictions based
on the proposed analytical stiffness model have been observed.
• The efficacy of the manually modulated stylus stiffness on the human perfor-
mance has been verified through human subject experiments.
A set of human subject experiments are designed and performed, where effect
of tip stiffness on various tasks are tested. The experimental protocol, the
performance metrics and statistical analysis of outcomes are presented.
4
1.2 Outline
This thesis addresses to design, fabrication, (pseudo rigid body) modelling and im-
plementation of a variable stiffness stylus. In addition, performance evaluation of
the design is completed through a set of human subject experiments.
The rest of the thesis is organized as follows:
Chapter 2 presents the literature survey and the background related to styli, pseudo
rigid body model, and variable stiffness actuation.
Chapter 3 details the design objectives, the proposed solution and mechanical
design of the stylus with manually adjustable tip compliance.
In Chapter 4, elaborative kinematic analysis and equivalent pseudo rigid body
modelling of the stylus are presented. The stiffness analysis of each compliant ele-
ments are explained and the final stiffness equation is formally derived.
In Chapter 5, an equivalent pseudo rigid body model for a beam under buckling
conditions is investigated and a mathematical formulation of this pseudo rigid body
model is derived. The model is also experimentally verified.
Chapter 6 details the prototype and the experimental setup, presents each compo-
nents of mechanical design and their properties together with the characterization
results for the prototype.
In Chapter 7, a set of human subject experiments are presented to evaluate the
efficacy of the manually modulated stylus stiffness on the human performance. In
particular, various tasks demanding different levels of stiffness levels are designed
and the experimental protocol and the performance metrics are explained. Finally,
the performance evaluations are presented and the outcomes are discussed.
5
The thesis is concluded with a summary of contributions and a discussion of future




In this section, we review the related works on styli based interactions, pseudo
rigid body modelling of compliant mechanisms, various approaches to impedance
modulation, and situate this study with respect to the literature.
2.1 Application Areas
Stylus based interactions are commonly used on two applications where a stylus is
used as a hand-held pen or as a palpation probe.
2.1.1 Hand-Held Styli
In recent years, several studies have been conducted to enrich and improve stylus
based interactions. In most of these studies, vibro-tactile feedback is implemented
to add a new modality of interaction. Haptic Pen [9] provides tactile sensations via a
push type solenoid actuator aligned with the stylus body to act as an actuated mass.
A similar arrangement is used in [10] together with a pressure sensor. SenStylus [11]
utilizes two independently controlled rumble vibrators to provide vibration feedback
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with a larger spectrum of vibro-tactile effects. Ubi-Pen [12] provides vibration feed-
back by a pancake type vibrating motor, while also featuring a 3x3 tactile pin array
of ultrasonic linear motors to convey texture information to the user. wUbi-Pen [13]
is an untethered version of Ubi-Pen, which utilizes an impact generator to create
vibration feedback through a wireless controller. This version drops the tactile pin
array for simplicity and compactness. HaptiStylus [14] locates two vibration motors
at the two opposing ends of the stylus, such that tactile effects based on apparent
tactile motion illusion can be delivered. This device also integrates a DC motor to
provide rotational torque effects. Finally, Real Pen [15] relies on a linear resonate ac-
tuator to deliver tactile and auditory feedback to match friction induced oscillations
recorded between the stylus tip and a surface.
Other styli rely on different methods to provide haptic sensations. Among these,
Impact [16] proposes a retractable stylus that employs DC motor actuated rack and
pinion mechanism to drive a concentric shaft. Force feedback is provided by locking
the mechanism at a certain length such that rigid contact takes place. Haptylus [17]
improves on retractable stylus idea with the inclusion of a pressure sensor to control
the amount of retraction. Furthermore, a voice coil actuator is added to the stylus for
vibration feedback. Ungrounded kinesthetic feedback is provided in [18], where three
DC motors wind/unwind strings to translate/rotate the tip portion of the stylus with
respect to its other end, such that three degree of freedom motion of the tip results
in kinesthetic sensations at the hand. Feedback based on dynamic friction with the
contact surface is provided in [19] through an electromagnetic coil modulating the
friction on a ball rolling at the tip of the stylus. Similarly, a gripping mechanism is
proposed in [20] to control the friction on a ball rolling at the tip. Another method
is to utilize skin stretch as a haptic feedback. It is provided naturally through
daily interaction with the objects. Stylus based skin stretch device is presented
in [21] where friction between the moving tactor and the skin surface creates haptic
feedback during interaction.
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Finally, Elastylus [22] is a non-actuated stylus that adds a spring along its longitu-
dinal axis to provide tip compliance. To the best of authors’ knowledge, none of the
haptic stylus in the literate allow for modulation of its tip stiffness.
2.1.2 Palpation Probes
Stylus based tools can also be used as palpation probes or indentation apparatus
employed during measurement and modeling of tissue properties. For instance, an
indentation device for the measurement of cartilage stiffness has been developed
in [23], where the interaction force is related to bending of a beam that contacts
with the tissue. In [24], a hand held compliance probe is proposed to obtain stress-
strain data from different tissues, where the force response is sensed through a
load cell. Tempest 1-D [25] is proposed as an instrument for investigation of the
viscoelastic properties of soft tissues under small deformations. This instrument
consists of a voice coil actuator to excite and a force sensor to measure the stiffness
response of tissues. A hand held soft tissue stiffness meter is proposed in [26] that
examines stiffness through relationship between resistance of a tissue under constant
displacement, where the instantaneous applied force is sensed by an indenter force
transducer. In [27], an optical fiber based rolling indentation probe is proposed to
measure the soft tissue stiffness distribution. Helical cut sensing structure of this
design possesses a spring like behavior with high axial stiffness. When an axial force
is applied, the spring like element is compressed and applied axial force is estimated
according to the displacement. In [28] a haptic palpation probe is implemented to
locate subcutaneous blood vessels during minimally invasive surgery. Tip deflections
are measured with a hall effect sensor and applied force is estimated based on the
tip deflections and with respect to a spring attached to the end effector.
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Apart from the force sensing probes, [29, 30] utilize the measurement of a resonance
frequency shift during indentation in order to provide tactile feedback. Work de-
scribed in [31] presents a palpation probe that consists of tactile sensor array to
examine contact impedance through controlling pressure on each sensor element.
None of these probes allow for modulation of its tip stiffness. A probe with variable
stiffness has been developed in Sornkarn [32]. In particular, this design is a two
degree of freedom controllable stiffness probe proposed to examine the affects of
different variables for the accurate estimation of depth during stiff inclusions. The
stiffness of the probe can be varied through antagonistic arrangement of two non-
linear springs located inside spring chambers. Similarly, a variable stiffness robotic
probe based on a lever mechanism for abdominal tissue palpation is proposed [33].
Our proposed stylus design is significantly different from these two probes at its
relies on negative stiffness characteristics of buckling beams to modulate its stiffness
and possesses a fully compliant design. Consequently, the proposed design can elim-
inate the parasitic effects of friction and stiction, can be easily miniaturized and has
a very large stiffness rendering range.
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2.2 Pseudo Rigid Body Modelling
A compliant mechanism obtains some or all of its motion from the deflection of flex-
ible members. Compliant mechanisms exhibit many advantages, such as elimination
of wear, backlash, pin joint associated clearances, need for lubrication and reduction
in manufacturing/assembly time and weight. However, modeling compliant mecha-
nisms is more complicated due to the continuum mechanics and non-linearities that
dominate their analysis under large deflections. In the literature, multiple methods
have been proposed to model compliant mechanism undergoing large deflections.
For simple compliant elements, one of these methods is to solve a second order,
non-linear differential Bernoulli- Euler equation, which states that the bending mo-
ment on the beam is proportional to its curvature, using elliptic integrals of first
and second kind [34–37]. Although elliptic integral approach can result in a closed
form solution, it is burdensome and difficult to use. Furthermore, this modeling ap-
proach is limited to simple compliant elements with certain geometries and loading
conditions.
Another widely used method is to employ numerical methods, such as non-linear
finite element analysis. Finite element methods (FEM) can solve a wide variety of
problems with complex geometries and loading conditions, and calculate approxi-
mate solutions with high precision [38, 39]. However, FEM cannot generate a general
closed-form solution, which would permit one to examine system response to changes
in various parameters. Furthermore, proper selection of element types and appro-
priate meshing are critical for limiting inherent errors in FEM. Along these lines,
user errors while selecting of proper parameters for analysis may lead to fatal errors.
The third alternative, pseudo rigid body modeling, is a simple method to model
compliant mechanisms when they undergo large deflection leading to non-linear be-
havior. This model utilizes equivalent rigid body components that have similar
force-deflection characteristics with the flexible members [40, 41]. In other words,
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compliant mechanisms are considered as equivalent rigid body mechanisms with
certain characteristic compliance. Pseudo rigid modeling has several advantages,
including simplicity, ease of use, efficiency, in addition to the high accuracy. Fur-
thermore, as it provides parameterized models, pseudo rigid modeling is suitable for
design and optimization problems and can significantly speed up calculations but
utilization of pseudo rigid modeling is restricted to structures with regular geometry
such as beams with constant cross sectional area. Pseudo rigid body models have
been derived for a large range of compliant elements, including flexural pivots, can-
tilever beams with a force at the free end, beams with fixed-pinned and fixed-guided
boundary conditions and initially curved cantilever beams with various boundary
conditions [1].
In the literature, fixed-guided beams have received attention in various applications,
such as design of a pressure sensor [42], a compliant gripper [43], a compliant paral-
lel guiding mechanism [44–46], a compliant double parallel four-bar mechanism [47],
a statically balanced compliant mechanisms [48], a self-retracting fully compliant
bistable micro-mechanism [49], an end effector for micro-scribing [50], and a com-
pound compliant parallelogram mechanisms [51].
Generalized analytical closed form solutions does not exist for fixed-guided beams.
In the literature, Ma et al. [52] have suggested beam constraint model (Bi-BCM),
an extension of the Euler-Bernoulli beam theory, to derive a parametric closed form
model for fixed-guided beams. Other than this extended semi-analytical solution,
various pseudo rigid body models have been proposed for the analysis of fixed-guided
beams. Howell [1] has introduced a simplified model that consists of three links with










Figure 2.1: Fixed-guided beam model proposed by Howell [1]
Lyon et al. [53] have extended the model proposed by Howell [1] to cover various
beam end angle values. Based on these works, Midha et al. [2] have proposed
a model that analyzes the fixed-guided compliant beams with an inflection point
that are subjected to different end moment and force conditions, as presented in











Figure 2.2: Fixed-guided beam model with inflection point proposed in [2]
Although all of these models serve as reliable approximations for certain applications,
these models focus on the bending deformations and cannot capture axial loading
and deformation. In recent years, Liu et al. [3] have presented a novel pseudo
rigid body model that captures the axial deformation and load stiffening, by adding
extension springs to capture axial loading, as in Figure 2.3. However, this proposed
13













Figure 2.3: Fixed-guided beam model with axial loading proposed in [3]
We propose an pseudo rigid body model for fixed-guided beams that is valid for
deformations near the buckling region and faithfully captures the stiffness changes
around first critical buckling load.
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2.3 Impedance Modulation
Variable impedance actuators are mechatronic devices that add physical energy stor-
age and dissipation elements to the actuator such that the impedance of the actuator
can be modulated to different levels as necessitated by the interaction. Such actua-
tors are better suited to deal with the contact tasks and interactions with unknown
environments, where the performance of stiff actuators fall short. In particular,
motion control with high accuracy requires high stiffness levels, while tasks that in-
volves contacts, collisions and shocks require high compliance. Therefore, impedance
modulation methods have been proposed to enable modulation to an appropriate
impedance level during a task.
Impedance modulation can be achieved by two means, through active control or
through introduction of physical energy storage and dissipation elements into the
mechanical design. Compliance can be modulated through active control strategies,
such as impedance/admittance control. In this approach, the impedance modulation
is limited to the control bandwidth of the actuators. Hence, a tool whose impedance
is modulated with a controller will behave according to its uncontrolled dynamics
under high frequency excitations (impacts) that exceed its control bandwidth. One
of the drawbacks of active impedance modulation is that controller may be quite
complex and require an accurate dynamic model of the system for high fidelity ren-
dering performance. Moreover, this approach suffers from low energy efficiency, since
it requires continuous use of actuators to render the desired impedance. Low en-
ergy efficiency becomes a significant limiting factor when untethered and lightweight
mobile devices need to be implemented.
As the alternative, impedance modulation can be embedded into the mechanical
design. In this approach, the impedance of the tool is adjusted through special
mechanisms consisting of passive elastic and dissipation elements, such as springs
and dampers. In hardware based impedance modulation, the impedance change is
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physical and is valid for the whole frequency spectrum. Mechanical design based
impedance modulation requires energy only when the impedance is being modulated;
hence, is energy efficient. Furthermore, even though such modulation is commonly
performed via actuators to result in variable stiffness actuation, it is possible to
utilize this approach without any controllers/actuators by allowing the user to man-
ually adjust the compliance of the tool to match the requirements of the task. In
this thesis, stiffness modulation is achieved through exploiting the variable stiffness
characteristics of axially loaded buckling beam.
Stiffness is the most commonly modulated part of impedance. Hardware based
stiffness modulation can be achieved through three fundamental approaches: i) by
loading non-linear compliant elements in an antagonistic arrangement [54–66], ii) by
altering the physical properties of a compliant element [67–75], and iii) by adjusting
the pre-load of a compliant element [76–89]. Mimicking the antagonist muscle pairs
of a human arm, controlling the effective length of a spring, axial loading of a
buckling beam, and variable lever arm mechanisms are well-known examples of i)
antagonistic control, ii) structural control, and iii) mechanical control approaches,
respectively.
Utilizing antagonistic control approach may introduce extra size and complexity to
the system. Implementation of nonlinear spring elements are challenging, energy
efficiency and energy storage capacity of antagonist arrangement are low. Since
antagonistic arrangement is bidirectional with two motors, maximum output power
and torque is equal to only one of the motors. On the other hand, antagonistic
control approach allows for remote location of actuators which may be advantageous
for certain applications.
Physical properties, such as cross section area and/or effective length of the elastic
elements can be changed during structural controlled stiffness. This method may be
advantageous since it is relatively easy to build and it includes independent stiffness
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and equilibrium setting, such that they can be controlled with different motors. On
the other hand, it has physical limitations on the range of rendered stiffness levels
and energy storage capacity.
Adjusting the pre-load is likely to be the simplest method to implement. Changing
the transmission ratio between the output link and spring like element provides
better energy efficiency than antagonistic arrangement during stiffness adjustment,
since only the adjustment of lever displacement is needed. However, small variation
of lever arm may affect stiffness significantly; thus precise position control is required.
In addition to the precise position control requirement, friction comes to existence
and becomes dominant in small displacements under external loads. Hysteresis effect
may also be observed.
Another implementation of mechanical control approach relies on nonlinear buckling
characteristics of axially loaded beams. This approach is beneficial since it offers
broad range of stiffness changes and inherits the inherent advantages of compliant
mechanisms, such as high accuracy and virtually no friction/backlash. Without
friction losses this approach can achieve high energy efficiency. Despite these advan-
tages, variable stiffness mechanisms based on axially loaded buckling beams possess
limited deflection range which may limit its employment in certain applications.
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Chapter 3
Design of the Variable Stiffness
Stylus
In this section, we present the design objectives and overview the proposed design
solution for the variable stiffness stylus.
3.1 Design Objectives
Various design objectives are considered for the variable stiffness systlus. These
objectives are categorized as imperative, optimal, primary and secondary objectives
according to their priority. This categorization due to Merlet [90] indicates that im-
perative objectives are the most crucial and must always be met, optimal objectives
are related to the performance and needs to be maximized, primary objectives are
alterable based on optimal solutions, while secondary objectives are least pressing
ones and depends on the preferences of the designer. Table 3.1 includes all criteria
taken into consideration during the design of the variable stiffness stylus. Detailed
explanation for design objectives is listed below:
18








Ease of Manufacturing Secondary
Cost Secondary
* May be considered as optimal objectives
Adjustable Compliance: The stiffness level of the stylus needs to be adjustable ac-
cording to requirements of various tasks. Just noticeable difference (JND) indicates
the minimum level of stiffness change that can be perceived by humans. According
to literature [91], humans can discriminate about 20% stiffness changes from the
base value. It is desirable that the stylus can be adjusted to provide at least three
different levels of stiffness that are easily noticeable and differentiated by the users.
Along these lines, adjustable compliance that ensures at least three different stiffness
levels detectable by users is determined as an imperative design criteria.
Scalability: The variable stiffness stylus needs to be implemented in various sizes;
hence, scalability without loss of rendering performance (due to friction forces be-
coming more dominant at micro scales) is considered as an imperative design criteria.
Size and Weight: The variable stiffness stylus should be hand-held, mobile and
lightweight for convenient use. These aspects are crucial during the design process
and considered as primary objectives. Size and weight can also be considered as
optimal objectives, There exists a trade-off between the stiffness range and size. In
order to achieve a large stiffness range, optimization techniques may be employed
to find optimal size and weight values. In this study, an iterative design approach
is taken to determine a large enough stiffness range for a targeted size.
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Stiffness Range: The variable stiffness stylus should achieve a large stiffness range,
including very compliant levels, without sacrificing the mechanical integrity of the
stylus. High stiffness provides more accurate position control, while low stiffness is
useful during interacting with soft and fragile objects. As size and weight, stiffness
range can be categorized as optimal objective, since an optimization of this criteria
is useful.
Rendering Fidelity: Rendering fidelity of the variable stiffness mechanisms are af-
fected by parasitic forces due to friction, backlash, hysteresis avaliable in the system.
Rendering fidelity is considered as a primary objective to ensure quality and repeata-
bility of the stiffness rendering performance.
Robustness: The variable stiffness stylus is desired to be robust against manufactur-
ing tolerances, geometric errors, and parasitic motions. Robustness is considered as
a primary objective.
Ease of Manufacturing: It is desirable for the manufacturing of the variable stiffness
stylus be simple. Complex assemblies and processes should be avoided. Ease of
manufacturing is considered as a secondary objective.
Cost: The variable stiffness stylus is expected to be affordable, even as a disposable
tool. Along these lines, it should be made of low-cost and easy to manufacture parts.
Cost is considered as a secondary objective.
20
3.2 Proposed Design
We propose a passive (non-actuated) stylus that features manually variable tip stiff-
ness to allow users to adjust tip compliance to match the requirements of various
tasks. The stylus consists of a tip, a compliant transmission mechanism, a buckling
beam, and a pre-tensioning mechanism, as depicted in Figure 3.1. Stiffness modula-
tion is embedded into the mechanical design through use of a compliant mechanism
together with an axially loaded buckling beam. The tip stiffness can be adjusted
by controlling the position of a screw that changes the axial loading of the buckling
beam. Tensile axial loading of the buckling beam results in significant increase of
the transverse stiffness of the beam, while compressive loading can result in nega-
tive transverse beam stiffness. Since the stiffness of the stylus tip is governed by
the stiffness of the compliant transmission mechanism coupled with the transverse
stiffness of the buckling beam, axial loading of the beam can result in a large range
of tip stiffness levels.






Figure 3.1: Variable stiffness stylus
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proposed design satisfies the imperative design criteria. In particular, its tip com-
pliance is adjustable and can be tuned such that at least three different perceivable
stiffness levels that exceed just noticeable difference thresholds are implemented.
Furthermore, thanks to the negative stiffness characteristics of the buckled beam,
very low stiffness levels can be achieved without sacrificing the mechanical integrity
and load bearing capacity of the stylus.
Furthermore, the proposed solution features a fully compliant design that enables
scalability of the variable stiffness stylus to even micro scales. In particular, consid-
ering the primary design criteria that aims to minimize size and weight of the device,
the long buckling beam is placed along the longitudinal axis of the stylus, parallel
to the tip. As a consequence, a power transmission mechanism is necessitated to
couple the transverse beam deflections to the tip deflections. A compliant planar
parallel mechanism is employed to couple the transverse deflections of the buckling
beam to the tip deflections. A planar compliant mechanism is preferred, since such
mechanisms are easy to manufacture as monolithic structures at even micro scales
and does not display undesired parasitic effects, such as friction and backlash. Con-
sequently, not only the primary objective of size-weight are satisfied, but also the
other primary objective of high rendering fidelity is ensured, as the fully compliant
design of the stylus minimizes the undesired parasitic forces. Fully compliant design
is also necessary to satisfy the imperative design objective of scalability.
A parallel mechanism is preferred for the power transmission, as such mechanisms
are known to be more robust against manufacturing errors and dimensional changes
due to thermal noise. Furthermore, parallel mechanisms can achieve more precise
motion than their serial mechanism counterparts as errors at the joint level are av-
eraged. Moreover, when small deflections are necessitated, parallel mechanisms can
be designed to be more compact with higher out-of-plane stiffness. Parallel mecha-
nisms are also advantageous since they allow for grounding of sensors/actuators, if
the device needs to be instrumented. Furthermore, beam type flexures are preferred
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to implement the compliant mechanisms, since these flexures distribute the stress
along the whole body avoiding stress concentrations; hence, has a significantly larger
deflection range and life compared to notch type flexures. These design choices help
satisfy the secondary design objective of robustness.
Even though the axial loading of the buckling beam can be provided with a position
controlled actuator, manual adjustment of tip stiffness is preferred for simplicity and
affordability. Currently, it is not clear if continual adjustment of the tip stiffness is
necessary to justify such instrumentation. Lack of electronics and actuation mech-
anism makes the proposed stylus a passive one that requires no batteries. Along
with the fully compliant design, these design choices contribute to the secondary
objectives of low-cost and ease of manufacturing.
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Chapter 4
Modeling and Analysis of the
Variable Stiffness Stylus
In this section, we detail the kinematics, stiffness and axial loading analyses of the
one degree of freedom stylus with variable tip stiffness. We also derive an equivalent
pseudo rigid body model for fixed-guided beams that captures the transverse stiffness
change around their first critical buckling load.
4.1 Kinematic Analysis of the Variable Stiffness
Stylus
Figure 4.1(a) shows a schematic representation of the variable stiffness stylus where
the bold lines denote beam based compliant elements. Axial load is applied through
rotation of screw that is attached to a spring. Let θ1 and θ2 denote the rotation
angles of the cross flexure joints, while s1 and s2 represent the displacement of the
parallelogram joints. The symbol h is used for the length of lever between the
















































Figure 4.1: (a) A schematic representation of the compliant mechanism that
enables variable tip stiffness (b) Pseudo-rigid body model of the underlying com-
pliant mechanism
length LB is represented by D. Kinematic analysis is performed through utilizing
the pseudo rigid body model of the system.
Figure 4.1(b) represents an equivalent pseudo rigid body model for Figure 4.1(a).
This model involves three basic compliant elements; the parallelogram joints, the
cross flexure joints, and the buckling beam, where kP1, kP2 , kP3 denote the equiv-
alent stiffness values to model the prismatic joints while kcr denotes the torsional
stiffness of the cross flexure joints, respectively.
Let N denote the Newtonian reference frame. A parallelogram joint is attached
between the screw and the buckling beam, since this parallelogram joint prevents
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end points of the buckling beam from rotation and ensure that these end points
maintain zero curvature. Pseudo rigid body models of all compliant components of
the stylus are presented in Figure 4.1(b).
The kinematics of the pseudo rigid body model is governed by the following rela-
tionship:
s1n2 + (sin θ1hn1 − cos θ1hn2)− s2n1 = 0
(s1 − h cos θ1)n2 + (−s2 + h sin θ1)n1 = 0 (4.1)
Solving Eqns. 4.1 yields
s1 = h cos θ1 ∆s1 = −h sin θ1∆θ1
s2 = h sin θ1 ∆s2 = h cos θ1∆θ1
θ2 = 270 + θ1 ∆θ1 = ∆θ2 (4.2)
where ∆s1 and ∆s2 represent the linear displacement along n2 and n1 unit direc-
tions, respectively. Symbols ∆θ1 and ∆θ2 are the angular displacement of the cross
flexure joints. θ1 and θ2 are measured with respect to n2 and n1 axes respectively
and counterclockwise displacements are considered as positive. All variables can be
written with respect to the tip displacement ∆s1 as follows, in order to facilitate the
further analysis:
∆θ1 = − ∆s1
h sin θ1
∆θ2 = − ∆s1
h sin θ1




4.2 Stiffness Analysis of the Variable Stiffness Sty-
lus
The overall stiffness of the variable stiffness stylus is analyzed by first studying the
pseudo rigid body model of each compliant element and then invoking virtual work
principle. Following sections present these analyses.
4.2.1 Compliant Parallelogram Joint
Pseudo rigid body model of a parallelogram joint is constructed with two equivalent
parallel beams, as shown in Figure 4.2. For small deflections, a parallelogram joint
has similar behaviour as a prismatic joint and allows motion on only one translational
axis. Note that ∆θp is the angle between n1 axis and deflected beams, lp is the
length of links made of compliant beams, γlp denotes the effective length between
two torsional springs, Fp is the force applied along the n1 axis, and ∆xp is the linear

















Figure 4.2: Pseudo rigid body model of a parallelogram joint
To find equivalent pseudo rigid body model, the fixed-guided beam model proposed
in [1] is utilized. One end of the beams are cantilevered while other ends are moving
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without changing their angle with respect to the n1 axis. As stated in [1], the
equivalent torsional stiffness for the fixed-guided beam model can be derived as
Kθ = 2γKf (EI/lp) (4.4)
where Kθ is the torsional spring constant, E is the elastic modulus of the beam, and
I is the area moment of inertia. The coefficient γ is taken as 0.8517, while Kf is
2.67617. Also, the maximum deflection for fixed guided beam is estimated as 64.3◦.
Elaborative analysis and derivation of these parameters can be found in [1].
In order to calculate the stiffness of the parallelogram joint along the n1 axis, the
virtual work principle can be used as follows to result in
xp = γ lp sin θp
invoke small angle approximation as sin θp ≈ θp
xp = γ lp θp
Kp ∆xp δxp = 4Kθ ∆θp δθp






4.2.2 Cross Flexure Joint
A compliant cross flexure joint behaves similar to a revolute joint, allowing almost
pure rotational motion for a range of deflections. To model the cross flexure joint,
we use the pseudo rigid body model presented in [92], which proposes a simple
equivalent pin joint model as shown in Figure 4.3.
According to this model the equivalent stiffness of the cross flexure joint is given as
kcr =
8 E I (1− 3n+ 3n3)n cosψ
hm
(4.6)
where hm is the horizontal distance between the pivot point O and moving frame D.
The coefficient n is determined based on the proportion of h to the distance between
moving frame D and fixed frame E.
Moreover, the maximum deflection φmax can be estimated as
φmax =
hm Sy
E t (3n− 1)n cos β (4.7)
where Sy represents the yield strength, while t denotes the thickness of the beam.
In our design, ψ is taken as 45◦, while n is chosen as 0.873 as these value have been
















Figure 4.3: Pseudo rigid body model of cross flexure joint
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4.2.3 Buckling Beam
Negative stiffness characteristic of the buckling beam is significant to ensure desired
variable stiffness feature. Figure 4.4 presents a schematic representation of a buckling
beam under compressive forces, where D denotes transverse deflection, 2R represents
transverse loading, Lb is the half length of beam, and L stands for the full length of
the beam.
Axially loaded beams possess dominant linear and cubic spring constants around
their buckling loads. In particular, the linear stiffness coefficient is related to dis-
placement of system along the n1 axis, while the cubic stiffness coefficient is related
to the third power of the same displacement. Together, they dominate the trans-
verse stiffness of the buckling beam and provide adjustable stiffness characteristics
for the variable stiffness actuator design in [86].
Let Fa be the axial load on the buckling beam, Pcr be the first critical buckling
load, K be the equivalent actuator stiffness and µ be the dimensionless variable that
captures the ratio between the actuator stiffness and the axial stiffness of the beam.







































Equations 4.8 and 4.9 are derived from the Euler-beam equations around the first
critical buckling load and under small deflection assumption. If the compressive
force exceeds the first critical buckling load of the beam, negative stiffness along
the transverse direction has been acquired. Negative stiffness characteristic is valid
under the assumption that deflection is kept small. When deflection gets large, the
cubic term dominates and significantly affecting the overall the stiffness. Moreover,
the transverse stiffness value can be increased by applying tensile forcing to the
beam.
















Figure 4.5: Equivalent pseudo rigid body model of a buckling beam that cap-
tures stiffness change around the critical buckling load
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existing pseudo rigid body models of other compliant joints, this continuum model
of buckling beam is replaced with an equivalent pseudo rigid body model. This
lumped parameter model provided by pseudo rigid body modeling promote ease of
design by hiding the underlying modeling complexities of continuum mechanics from
the designer.
Figure 4.5 presents the proposed equivalent pseudo rigid body model of the buckling
beam that captures the stiffness changes around the first critical buckling load. This
pseudo rigid body model is derived by applying virtual work principle and ensuring
equivalence with the analytical model given in Eqns. 4.8 and 4.9.
The equivalent pseudo rigid body model features two torsional springs and a linear
spring that captures the axial load dependent properties of buckling beams. The







2 kc − 2
3
kl (4.11)
Details of stiffness and pseudo rigid body modeling of buckling beams around their
critical buckling loads is presented in Section 5.2.
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4.2.4 Tensioning Mechanism
Figure 4.6 (a) depicts a lumped parameter model of the pre-tensioning mechanism
that is used to axially load the buckling beam. Note that parallelogram joints with
stiffness Kp are utilized to ensure that the end points of the buckling beam are
guided, that are rotation free, always maintaining zero curvature. Consequently,
the effect of these compliant mechanisms are also considered while calculating the
equivalent stiffness of the tensioning mechanism. Axial forcing is exerted by applying
an appropriate amount of deflection to the pre-tensioning spring Ks.
Figure 4.6 (b) presents an equivalent force controlled actuation model for axially
loading the beam. Here, K stands for the actuator stiffness, while Fa represents the
actuator force.
Equating both sides of Figure 4.6 to each other, the equivalent actuator force and
stiffness of the pre-tension mechanism can be derived as
Fa = Ks∆p (4.12)
K = Kp +Ks (4.13)











Figure 4.6: Lumped parameter model of the tensioning mechanism
33
Once the equivalent stiffness of the tensioning mechanism is determined, desired
axial forcing can be applied to the buckling beam by imposing relevant deflection to
the tensioning mechanism. In other words, through a good estimate of the equiv-
alent stiffness of the tensioning mechanism, the force control problem problem can
be converted into a position control problem, in the spirit of series elastic actua-
tion. Given precise motion control is significantly easier and more robust than force
control, existence of tensioning springs to control the axial loading is an important
feature of the design.
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4.2.5 Tip Stiffness of the Variable Stiffness Stylus
Virtual work principle is used to determine the overall stiffness of the variable stiff-
ness stylus when the tip moves along the n2 axis. According to the virtual work
principle, a system is in equilibrium under the action of forces if the total virtual
work done by these forces is zero for any admissible virtual displacement of the
system. In our case, the forces due to the compliant elements are considered. Lin-
ear stiffness values of parallelogram joints are denoted as Kp1 and Kp2, while the
torsional stiffness of the cross flexure joints are denoted as kcr.
Referring to Figure 4.1(b), the force-deflection relationship is governed through the
following equations
δs1 = −h sin θ1 δθ1
δs2 = h cos θ1 δθ1
Ftip δs1 = Kp1 ∆s1δs1 + kcr ∆θ1 δθ1 + kcr ∆θ2 δθ2 +Kp2 ∆s2 δs2 + kl ∆s2 δs2 + kc (∆s2)
3 δs2
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Given that the total stiffness can be separated into linear Klin and cubic Kcub terms,
the equivalent stiffness of the variable stylus tip can be determined as follows:


































The equivalent pseudo rigid body model for the buckling beam and the pseudo rigid
body model of the compliant transmission mechanism possess some similarities.
Figure 4.7 presents the similarities between the compliant transmission mechanism
and the equivalent pseudo rigid body model for the buckling beam. In order to
achieve equivalent models, the Newtonian reference frame needs to be rotated by
pi/2 counterclockwise, and then reflected with respect to the vertical plane.
In particular, if Kp1 and kl are taken as zero, θ1 + 3pi/4 is taken as θ2 and kcr is




























































Figure 4.7: Relation between the pseudo rigid body model of the compliant
transmission mechanism and the proposed equivalent pseudo rigid body model
for the buckling beam. (a) presents the compliant transmission mechanism in the
stylus, (b) presents this model after pi/2 counterclockwise rotation, and (c) depicts
the equivalent pseudo rigid body model for the buckling beam.
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Calculating the Taylor series expansion of Eqn. 4.17 with respect to s1 around zero




















Pseudo Rigid Body Model of the
Buckling Beam
This chapter presents the analytical beam model under axial loading near its first
critical buckling load, derives an equivalent proposed pseudo rigid body model of
the buckling beam, experimentally verifies the model and justifies the need for such
a novel pseudo rigid body model to properly capture the stiffness changes.
5.1 Analytical Model of the Buckling Beam
This section lists the underlying assumptions and presents the detailed analytical
derivation the continuum beam model as in [93].
The derivation closely follows [93] and is performed under the following assumptions:
• Only the first buckling mode contributes to the transverse deformation of the
beam.
• The transverse deformation of the beam is governed by a cosine shape.
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• The relationship between the axial displacement of beam xa and the transverse






where L represents the full length of the beam.
• All materials’ behaviour is linear elastic. All strains are small, while xt can be
large, as long as xt/L << 1.
• Axial elastic deformation of the beam due to the applied compressive force is
much less than full length of the beam.
• The slope of the deformed beam is small compared to unity.
As illustrated in Figure 5.1, s is the variable that is used to measure the path length




































Figure 5.1: Schematic representation of a buckling beam
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where y(0) = 0 and y(L/4) = D/2 are the boundary conditions. When |y′| << 1,
M
EI
can be approximated as
































EID3w4 sin (ws) cos2 (ws)
16
−R(D, s) = 0 (5.6)
where R(D, s) is defined as residual error. By applying Galerkin’s method
∫ L/4
0
sin (ws)R(D, s)ds = 0 (5.7)




















































are the normalized first critical load of the buckling beam and




The net axial load P on the beam can be expressed as
P = Fa −K(δ) (5.10)
where δ equals to xa + xt and K(xa + xt) is the restoring force of the actuator, with
K denoting the actuator stiffness.
Note that restoring force against elastic deformation becomes Kaxial(xa) axial load
applied to deflecting beam spring can be obtained as






where Kaxial is the axial stiffness of the beam and equals to EA/L. Here, E and
A are defined as the elastic modulus of the beam and the cross section area of the
beam, respectively.
We here define non-dimensional variables ξ = D1/L and µ = K/Kaxial under the
small deflection assumption ξ << 1. One can obtain the below results by solving
Eqns. 5.11 and 5.9 together and applying Taylor expansion with respect to transverse
displacement D around zero:
2R
Pcr



















where Kln and Kcb are the non-dimensional linear and cubic spring constants.
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5.2 Equivalent Pseudo Rigid Body Model of the
Buckling Beam
In this section, we derive an equivalent pseudo rigid body model for fixed-guided
beams that captures their stiffness change around their first critical buckling load.
Given the pseudo rigid body model of buckling beam as depicted in Figure 5.2, the
virtual work principle is utilized to calculate the linear and cubic stiffness coefficients
for the model. In particular, the stiffness of the pseudo rigid body model is equated
to the stiffness from the analytical solution found in Section 5.1 to form two equations
with two unknowns, through which equivalent torsional and linear spring coefficients
are derived. Let
x = L sin β2 and y = L cos β2 (5.17)
where x denotes the transverse position, y represents the axial position, and β2 is
















Figure 5.2: Equivalent pseudo rigid body model of a buckling beam that cap-
tures stiffness change around the critical buckling load
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Accordingly, the displacements are related as
∆x = L cos β2 ∆β2 and ∆y = −L sin β2 ∆β2 (5.18)
Please note that β2 + pi/2 = β1, ∆β1 = ∆β2 and Kteq1 = Kteq2 = Kteq . The virtual
work principle is applied as follows
F δx = Kteq1 ∆β1 δβ1 +Kteq2 ∆β2 δβ2 +Kpeq ∆y δy (5.19)
















Next, small angle approximation is used and Taylor series expansion is taken around






















Next substitute in y = L cos β2 and y =
x



















































The equivalent torsional and linear spring coefficients in pseudo rigid body model












These two equations can be solved for two unknowns of Kteq and Kpeq as follows.
























3L4Kc − 2L2Kl = 3L2Kpeq (5.32)






This section presents experimental verification of the equivalent pseudo rigid body
model for the buckling beam that captures the stiffness changes. Three different
beams under different axial load conditions have been equal to the same pseudo
rigid body model which consist of two cross flexure joints and a parallelogram joint.
5.3.1 Experimental Setup
Experimental setup used for the verification of the proposed equivalent pseudo rigid
body model is shown in Figure 5.3. This setup consists of an optical encoder (US
Digital EM1 with 2000 counts/inch resolution under quadrature decoding), a force
sensor (ATI Nano 25) with 1/16 N resolution attached to a linear slider to apply
to the tip and measure the applied force and a PC based I/O interface (Quanser
Q8-USB) for real-time data acquisition. In order to acquire stiffness estimates of
the variable stiffness stylus, the beam is repeatedly pressed with the force sensor
and transverse displacement versus applied force data are collected. The stiffness is
estimated through the slope of a best line fit to this data.
The mechanical implementation consists of three different buckling beams cut to
match three different first critical buckling loads, two compliant prismatic joints used
to guide beam ends and prevent inflection points of buckling beam from undesired
rotations, and two 3D printed adjustment parts between the pre-tensioning spring
and the screw. Table 5.1 lists the relevant dimensions and physical properties of the
beams used for the verification of the proposed equivalent pseudo rigid body model.
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Table 5.1: Propertied of the Buckling Beams
Parallelogram joint beam height[mm] 5
Parallelogram joint beam width[mm] 0.6
Parallelogram joint beam full length - effective length[mm] 60 - 29
Buckling beam (Applied load=0) height[mm] 17.9646
Buckling beam (Applied load=0) width[mm] 0.6
Buckling beam (Applied load=0) full length - effective length[mm] 340 - 288.2094
Buckling beam (Applied load=0.3Pcr) height[mm] 25.8736
Buckling beam (Applied load=0.3Pcr) width[mm] 0.6
Buckling beam (Applied load=0.3Pcr) full length - effective length[mm] 340 - 288.2352
Buckling beam (Applied load=0.6Pcr) height[mm] 45.6512
Buckling beam (Applied load=0.6Pcr) width[mm] 0.6
Buckling beam (Applied load=0.6Pcr) full length - effective length[mm] 340 - 288.2606
Figure 5.3: Experimental setup used for the characterization of the proposed
equivalent pseudo rigid body model
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5.3.2 Verification Results
Proposed equivalent pseudo rigid body model has been verified under three different
load conditions: no axial force, 0.3Pcritical, and 0.6Pcritical. Figures 5.4–5.6 depict the
characterization results from these experiments with least squares linear fits on the
data. Experimental characterization of the proposed model is performed through
applying a force to the screw at the middle of the beams by pressing the force sensor
that is rigidly attached to linear slider. During measuring the force, displacement
of the middle of the beam is recorded by encoder. After saving both values, force
vs. displacement graph is plotted and least square linear fit is implemented. This
procedure is applied at least ten times to obtain experimental data correctly. Both
results at these three different load conditions fit well with the experimental data as


















fit R2 = 0.995
analytical transverse stiffness = 0.5263 N/mm
experimental transverse stiffness = 0.513 N/mm
RMS error = %2.527
fit line
Figure 5.4: Equivalent pseudo rigid body model at 0 load
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fit R2 = 0.976
analytical transverse stiffness = 0.5263 N/mm
experimental transverse stiffness = 0.5195 N/mm
RMS error = %1.309
fit line
Figure 5.5: Equivalent pseudo rigid body model at 0.3 Pcr load
















fit R2 = 0.997
analytical transverse stiffness = 0.5263 N/mm
experimental transverse stiffness = 0.5404 N/mm
RMS error = %2.6092
fit line
Figure 5.6: (c) Equivalent pseudo rigid body model at 0.6 Pcr load
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5.3.3 Discussion
The proposed equivalent pseudo rigid body model is experimentally verified. It
is shown that there exists a good agreement between analytical and experimental
transverse stiffness values. For all three cases, error is less than 2.7%. Stiffness
characterization differences between these three cases can be possible due to the
challenges in the implementation of perfect boundary conditions, possible misalign-
ments in the direction of the applied force on the tip, the manufacturing tolerances
that affect geometric parameters of the spring steel sheets and errors caused due to
assembly.
In the literature, several pseudo rigid body models for fixed-guided beams have been
proposed [1, 2, 53]; however, none of these models focus on the bending deformations
and these models fail to capture the axial loading and deformation characteristics
of the beams, with the exception of the model proposed by Liu et al. [3].
The model proposed in [3] is incapable of capturing the stiffness changes under axial
loading. Figure 5.7 presents the comparison of the model in [3] and proposed pseudo
rigid body model for fixed guided beams. Note that proposed model is based on
the analytical solution of buckling beams proposed in [93]. In particular, Figure 5.7
is plotted for the aluminum alloy (AI7075-T6) beams with elastic modulus, length,
thickness and height taken as 71 GPa, 30 mm, 0.5 mm and 10 mm, respectively.
Both model exhibits similar behaviour for small displacements except than the com-
pressive force which is greater than first critical buckling load of the beam. Fig-
ure 5.7 clearly indicates that the model proposed by Liu et al. [3] does not capture
the stiffness changes under different axial loading conditions and introduces mislead-
ing attitude such as softening when transverse deflection increases, while proposed
model based on analytical solution of a buckling tends to stiffen. In other words, the
proposed model comprises the stiffness change according to different applied loads




















model in Liu 0 Pcr
model in Liu 0.6 Pcr
model in Liu 1.5 Pcr-compressive
model in Liu -1.5 Pcr-tensile
model proposed 0Pcr
model proposed 0.6 Pcr-compressive
model proposed 1.5 Pcr-compressive
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Figure 5.7: Comparison of the pseudo rigid body model in [3] and the proposed






This chapter details the implementation of the variable stiffness stylus, instrumen-
tation for experimental verification and characterization of each of its compliant
elements. Two prototypes are presented.
6.1 Implementation of the Variable Stiffness Mech-
anism
Figure 6.1 presents two functional prototypes of the variable stiffness stylus, where
the Prototype 2 is an enhanced version of the mechanism in terms of its stiffness
range and size.
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Both prototypes consist of compliant parallelogram joints, cross flexure joints, a
buckling beam and a manually adjustable pre-tensioning mechanism. The pre-
tensioning mechanism includes a screw, a compression spring, and connection parts
between them. Metric 4 screws with 0.7 mm pitch are attached in order to apply
pretension through rotation. The connection part between the screw and the com-
pression spring include a Metric 4 nut and a 6800-ZZ ball bearing inside to translate
the rotational motion of the screw into linear motion. The compression springs are
the main source of pre-tension and are chosen to have a stiffness rate of 4.51 N/mm.
(a) First prototype
(b) Second prototype
Figure 6.1: Passively modifiable variable stiffness mechanism prototypes
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The parallelogram joint between the compression spring and the buckling beam is
implemented to ensure the guided linear motion of the beam, preventing undesired
rotations. Table 6.1 lists relevant physical parameters that are used to implement
both prototypes.
Table 6.1: Physical parameters of both prototypes
Parameter Prototype 1 Prototype 2
Overall length [mm] 214.6895 168.3868
Overall width [mm] 119.60 83.9178
Stiffness range [N/mm] 0.0775-0.8062 0.0682-1.9871
1st Parallelogram joint beam
height [mm] 4 3
width [mm] 0.2 0.2
length [mm] 55 50
2st Parallelogram joint beam
height [mm] 4 3
width [mm] 0.2 0.2
length [mm] 50 55
Cross joint beam
height [mm] 3 3
width [mm] 0.2 0.2
length [mm] 50 36
Buckling beam
height [mm] 4 3
width [mm] 0.5 0.4
length [mm] 140 96
Prevention Parallelogram joint beam
height [mm] 3 3
width [mm] 0.5 0.5
length [mm] 41 41
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As presented in Table 6.1, the stiffness range of Prototype 2 is significantly higher
than that of Prototype 1, while its overall length and width are also reduced. Please
note that the overall length of the prototypes is calculated without the tensioning
screw and stylus tip, as these parts may be replaced by various other parts for
different tasks.
Buckling beam is the critical part of the design because it modulates the overall stiff-
ness through both its variable stiffness characteristics. Consequently, the dimensions
of the buckling beam dominates the design decisions. If its length increases, then
the first critical buckling load of the beam decreases and small axial forces can be
applied to exceed this critical load and achieve negative stiffness from the beam.
However, the stiffness range also diminishes, while low stiffness values can be ac-
quired. On the other hand, if the thickness increases, then the first critical buckling
load increases significantly and wider stiffness ranges can be obtained. However,
higher axial forces are required applied in order to reach the first critical buckling
load. For this purpose, stiffer pre-tensioning springs or bigger screws need to be
placed, extending the size of the mechanism. Accordingly, the buckling beams of
the styli are designed iteratively, considering the tradeoff between stiffness range and
the overall device size.
The compliant power transmission mechanism rotates the tip motion by a right
angle and allows the buckling beam to be placed parallel to the tip. This mechanism
consists of two parallelogram joints and two cross flexure joints.
Our current implementation is based on rapid prototyping plastic parts and attach-
ing metal beams via fasteners to form the compliant joints, as shown in Figure 6.2.
All plastic connection parts are printed from PLC using a 3D printer (Makerbot
Replicator 5th generation). Spring steel (AISI 1075) is preferred for beams of both
cross flexure and parallelogram joints, because of its favorable deflection character-
istics. This still has a high yield strength that allows the spring steel to maintain its
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original shape regardless of significant twisting and deflection. The buckling beam
and all other beams used for implementation of compliant joints are cut via water






(c) Cross flexure joint
Figure 6.2: Implementation of compliant elements
The first parallelogram joint attached to the stylus tip has a significant effect on
overall stiffness and size. Accordingly, the height, length and attachment location
of this joint have been revised in Prototype 2. In particular, the height is reduced
from 4 mm to 3 mm, while the link lengths are decreased from 55 mm to 50 mm
to result in a more compact design with a larger stiffness range. Furthermore, the
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cross flexure joints are scaled to be smaller in Prototype 2, in order to save further
space. Note that apart form our current implementation based on rapid prototyping
plastic parts and attaching metal beams via fasteners, it is possible to miniaturize
both joints and fabricate them through alternative manufacturing methods.
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6.2 Experimental Setup
Experimental setup used for the characterization of the variable stiffness stylus is
presented in Figure 6.3. This setup consists of an optical encoder (US Digital EM1
with 2000 counts/inch resolution under quadrature decoding), a force sensor (ATI
Nano 25) with 1/16 N resolution attached to a linear slider to apply to the tip and
measure the applied force and a PC based I/O interface (Quanser Q8-USB) for real-
time data acquisition. In order to acquire stiffness estimates of the variable stiffness
stylus, the tip is repeatedly pressed with the force sensor and displacement versus
applied force data are collected. The stiffness is estimated through the slope of a
least squares line fit to this data. Each component of the variable stiffness stylus is
initially isolated, then characterization is conducted through the same procedure




In order to characterize the compliant elements and validate the results of the ana-
lytical models, a set of experiments are carried out. Experimental characterization
is performed by applying axial forces to the tip of the stylus, to the middle of the
buckling beam and to the body of other compliant joints. Forces are applied by
pressing force sensor that is rigidly attached to a linear slider. During force mea-
surements, the displacements of the elements are recorded by encoder. After saving
both values, force versus displacement graphs are plotted and least square linear fits
are implemented. Each experiment is repeated at least ten times to obtain more
robust experimental data. This section presents the experimental characterization
results for each compliant element.
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6.3.1 Cross Flexure Joint
Figure 6.4 presents experimental data collected to characterize rotational stiffness
of the cross flexure joints and compare it with the analytical solution acquired from
Eqn. 4.6. Due to the oscillatory characteristics of the cross flexure joints, the exper-
imental data includes some fluctuations but this phenomenon does not significantly
affect the evaluation of rotational stiffness. The red line represents the best line fit,
for which R2 is 0.9507, while yellow line is according to the analytic rotational stiff-
ness model. From the analytical solution, a stiffness of 59.3233 Nmm/rad is expected
and 59.7329 Nmm/rad is characterized through the moment-angular displacement
relationship of experimental data, resulting in 0.69% RMS error.




















Figure 6.4: Characterization of cross flexure joint
61
6.3.2 Parallelogram Joint
Figure 6.5 presents the experimental data collected for the characterization of the
parallelogram joint, and the best line fit with R2 0.99. In particular, the analytical
stiffness calculated according to Eqn. 4.5 is depicted with the yellow line, while the
red line represents the best fit line. The experimental results verifies the accuracy
of analytical results, with an 0.47% RMS error.


















Figure 6.5: Characterization of parallelogram joint
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6.3.3 Buckling Beam
Characterizations are performed for the buckling beam under different axial loading
conditions: no load, 0.51Pcr, −0.51Pcr. The results are depicted in Figures 6.6- 6.8.
In particular, the experiments are conducted by adjusting the screw displacement
to apply the desired axial load on the buckling beam, such that 0.51Pcr load is
achieved by implementing 4 turns along the compression direction, while −0.51Pcr
is achieved by implementing 4 turns along the tensile direction. Negative sign rep-
resents tensile force. The results under these three different load conditions fit well
with the analytical solution with a RMS error less than 1.7%.















 fit R2 = 0.998
experimental transverse stiffness = 1.0285 N/mm
analytical transverse stiffness = 1.0455 N/mm
RMS error = %1.626

















 fit R2 = 0.992
experimental transverse stiffness = 0.5154 N/mm
analytical transverse stiffness = 0.5077 N/mm
RMS error = %1.494
experimental data
fit line




















 fit R2 = 0.99
experimental transverse stiffness = 1.6033 N/mm
analytical transverse stiffness = 1.5833 N/mm
RMS error = %1.247




Figure 6.9 presents the correlation between tip stiffness and screw displacement
that adjusts axial loading. The experimental data for each screw displacement is
acquired through applying the same experiment procedure as before. Overall, the
tip stiffness can be modulated between 0.0775 N/mm and 0.8062 N/mm. When
there is no axial loading , the tip stiffness is 0.5838 N/mm. The stiffness of 0.0775
N/mm is achieved through the negative stiffness characteristics of buckling beam.
In particular, after 7 turns of a metric 4 screw with a 0.7 pitch 4.9 mm displacement
is achieved, that exceeds the first buckling load of the beam. At this point the
negative stiffness characteristics of the beam can be observed. This phenomenon
has a significant effect on the reduction of the overall stiffness below the nominal
level of 0.5838N/mm which is dictated by the flexure joints. In order not to exceed
the second buckling load, the axial displacement is limited to 5.6 mm.
On the other hand the overall stiffness increases up to 0.8062 N/mm. The experi-
ments verify the tip stiffness Prototype 1 is in good agreement with the analytical
solution, with average error 1.079% between −3.5 mm and 10.5 mm along the com-
pression direction. The maximum RMS error between the analytical model and

































Figure 6.9: Characterization of the Prototype 1
6.3.5 Prototype 2
The experimental characterization results of the improved Prototype 2 is presented
in Figure 6.10. For this prototype, the overall stiffness can be modulated between
0.0682 N/mm and 1.9871 N/mm. The overall stiffness modulation capability is
significantly increased with the second prototype. While no axial force is applied, the
tip stiffness is 1.3138 N/mm. A stiffness level of 0.0628 N/mm is achieved through
the negative stiffness characteristics of buckling beam with an acceptable error level.
In particular, after 6.3 mm of screw displacement, the compression force exceeds the
first buckling load of the beam and the negative stiffness characteristics can be
observed. This phenomenon has a significant effect on the reduction of the overall
stiffness below the level 1.3138N/mm that is dictated by the flexure joints. In order
not to exceed the second buckling load, the maximum rotation is limited to rotated
9.1 mm along the compression direction. On the other hand, the overall tip stiffness
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can increase up to 1.9871 N/mm. Axial force can be increased; however the system
exhibits larger error under high tensile loading. These experiments verifies that the
tip stiffness of the Prototype 2 is in good agreement with the analytical solution,
with average error of 0.8341% for axial displacements of −5.6 mm to 10.5 mm along
the compression direction. The maximum RMS error between the analytical model
and the experimental characterization is recorded as 4.8172%.
























Figure 6.10: Characterization of the Prototype 2
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6.4 Discussion
Both prototypes of the variable stiffness stylus and each compliant component that
constitute the system are experimentally verified through a characterization proce-
dure. All results are presented with an average error and the worst case error. Error
bars in 6.9 and 6.10 represent the repeatability of the mechanism that experimental
data for each screw displacement value is similar and there exist a little difference
between higher and lower values correspond to each screw displacement. In sum,
the results indicate that there exists a good agreement between analytical model
and experimental characterization results for both prototypes and the compliant
elements.
Moreover, the stiffness modulation characteristics of the variable stiffness stylus has
been improved with the Prototype 2, while overall size has also been reduced. In
other words, the stiffness rendering ranges are increased such that the stiffness of
Prototype 1 can be adjusted 10 times the lowest stiffness between 0.0682 N/mm -
1.9871 N/mm while the stiffness of Prototype 2 can be adjusted 30 times its lowest




This chapter presents a set of human subject experiments designed to evaluate the
efficacy of the manually modulated stylus stiffness on the human performance.
The human subject experiments are designed to investigate the following question:
Does manually controlled variable stiffness stylus improve the human performance
during various tasks with different requirements?
7.1 Experimental Setup
Figure 7.1 presents the experimental setup. The experimental setup consists of a
touch screen tablet (Wacom Bamboo CTH 460), the variable stiffness stylus and
a flat screen monitor. The touch screen tablet can detect 1024 levels of pressure.
The stiffness of the stylus is modulated manually through rotating a screw at the
end of the stylus. By adjusting the screw displacement, desired axial force on the
beam is controlled and three different level of stiffness is implemented for all tasks.
During the experiments, the stiffness values are set between 0.20–0.40 N/mm for low
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stiffness, 1.10–1.30 N/mm for intermediate stiffness and 1.65–1.85 N/mm for high
stiffness conditions.
For the drawing tasks, Autodesk Sketchbook is used to capture tablet data and to
display it. Participants are presented with visual feedback on a flat screen monitor.
(a) Before task (b) During task
Figure 7.1: Experimental setup consists of the variable stiffness stylus, pres-
sure sensitive Wacom tablet, Autodesk Sketchbook environment and a flat screen
monitor
7.2 Participants
Twelve volunteers with ages between 20 to 35 participated in the experiment. No
participant had any motor or sensory impairment. All participants had prior expe-
rience with interactions that include styli and touch screens. All participants signed
an informed consent approved by IRB of Sabanci University.
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7.3 Tasks
Participants were asked to complete three tasks:
(1) Precise path tracking task in which the aim is to follow predetermined paths
that are constructed using several straight lines.
(2) Force regulation task in which the goal is to keep the stylus pressure constant
while following predetermined paths with different line thickness.
(3) Hybrid path tracking and force regulation task in which the aim is to follow
predefined paths and control the pressure, simultaneously as the thickness of
the lines are also changing as one proceeds with the path.





Figure 7.2: Three different tasks used in the experiments: (1) Precise path
tracking task, (2) Force regulation task, and (3) Hybrid path tracking and force
regulation task
We hypothesize that the participants will perform significantly better with different
stylus stiffness levels while performing different tasks.
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In literature, some systematic experiments with variable impedance modulation have
been conducted in [5, 66] in the context of hand prostheses, which provide evidence
that tool impedance modulation is beneficial for task performance.
Unlike the case in [5] where the experiments are performed in virtual reality, in our
experiments, the participant physically hold the variable stiffness stylus as a tool
than acts as an extension of their body; hence, our test conditions are provide the
actual physical conditions of interaction with the touch screens.
7.4 Experimental Procedure
Before the experiment, participants were informed about the purpose of the study
and instructed to ensure that they are comfortable during holding the stylus. Fol-
lowing the instructions, they attended an unrecorded session for 300 seconds in order
to familiarize themselves with the variable stiffness stylus and interacting with the
touch screen using three different levels of stylus tip stiffness. Since the stiffness
levels are much above just notifiable difference, it was verified that the participants
could easily perceive the current stiffness level of the stylus tip. Participants always
interacted with the tablet by holding the stylus with their dominant hand. In or-
der to minimize the distractibility, participants wore headphones playing pink noise
and had a break for about 60 seconds between each session. The break period was
increased as necessary, upon the participant’s request.
Experimental procedure is presented in 7.3. The experiment consists of 3 sessions,
while each session is composed of 3 subsessions and each subsession involves 5 trials.
For each session, the tip stiffness of the stylus is set to one of the low stiffness (LS),
intermediate stiffness (IS), and high stiffness (HS) levels. All three tasks (T1–T3)
are presented to the participants during a session, in a randomized order. Each task















Figure 7.3: Schematic representation of the experimental design. The experi-
ment consists of 3 sessions, while each session is composed of 3 subsessions and
each subsession involves 5 trials. For each session, the tip stiffness of the stylus is
set to one of the low stiffness (LS), intermediate stiffness (IS), and high stiffness
(HS) levels. All three tasks (T1–T3) are presented to the participants during a
session, in a randomized order. Each task is repeated 5 times during the trials.
7.5 Performance Metrics
For the precise path tracking task, a performance metric is determined by the RMS
path error which captures the deviations from the predefined path. Subjects draw
their lines on the predefined path that consists of straight lines and this lines are
partitioned into straight line segments and digitalized in order to implement linear
curve fits to them. The quality of the linear fit determined by R2 and RMS error
are used to quantify the match between user-drawing and predefined lines.
For the force regulation task, pressure level is selected as a performance metric.
The tablet environment is sensitive to pressure differences and thickness of the lines
change according to these pressure levels, that is, the more pressure is applied to
the Wacom tablet, the thicker lines are produced. In order to determine the pres-
sure levels during the force regulation task, black pixels inside the predefined line
thickness are counted, instead of capturing the pressure data directly. The metric
is preferred to be defined over the line output, as this metric directly relates to the
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task of drawing lines of constant thickness, while there exists a mapping between
the raw pressure data and the line thickness determined by the drawing software.
For the hybrid path tracking and force regulation task, both metrics defined above
are employed.
Furthermore, task completion times are recorded as a secondary quantitative metric.
For qualitative evaluations, the participants were asked to fill in a short questionnaire
that aims to determine their tip stiffness preferences for each task. In particular,
after the experiments, the participants ranked their tip stiffness preferences for each
task in such a way that, where 1 denotes “more comfortable- first choice” and 3
denotes “less comfortable – third choice”.
7.6 Expected Results
We hypothesize that participants will perform better in the precise path tracking
task using the high stiffness configuration, in the force regulation tracking task using
the low stiffness configuration, and in the hybrid task using the intermediate stiffness
configuration.
7.7 Analysis of Results
A repeated measures ANOVA will be employed to determine the significance of the
stylus tip stiffness on task performance, while post-hoc analysis will be performed
to compare the performance differences among the tip stiffness levels.
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7.8 Discussion
Human experiments are currently ongoing; hence, experimental results could not be
included in the thesis due to strict deadlines enforced to submit the thesis. The
results of the human subject experiments is planned to be published as soon as the




A novel compliant stylus with manually adjustable tip stiffness has been proposed.
Two prototypes of the stylus have been implemented based on various compliant
elements to feature stiffness ranges. Stiffness modulation capabilities of both pro-
totypes have been experimentally characterized. Thanks to the variable stiffness
characteristics of axially loaded buckling beams, very low stiffness levels around
0.07 N/mm has been achieved without sacrificing the mechanical integrity and load
bearing capacity of the stylus.
The design inherits the advantages of compliant mechanisms In particular, the com-
pliant design ensures that the stylus does not exhibit parasitic effects such, as fric-
tion, stiction, wear and backlash. The compliant stylus is analysed through pseudo
rigid modeling technique, an efficient method for modeling flexible elements under-
going nonlinear behaviour due to the large deflections. The characterization results
indicate that stiffness characteristics of the prototypes have been matched with the
predictions based on the analytical stiffness derivations.
In order to effectively model fixed guided beams that undergo transverse stiffness
variations around their first critical buckling load, a novel pseudo rigid body model
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has been derived. This novel equivalent pseudo rigid body model for fixed guided
beams is based on the analytical solution of buckling beams. Under different axial
loading conditions, the model has been experimentally verified to have less than %3
error.
Human subject experiments have been conducted for the purpose of evaluating the
impact of the manually modulated stylus stiffness on the human performance during
physical interactions with the environment. In particular, human performance for
three tasks with different requirements such as high position control, force regulation
and composition of both position control and force regulation have been tested.
Future works include design optimization of the novel compliant stylus to achieve
an ideal compromise between the device size and its stiffness range. Furthermore,
the size can be reduced by alternative manufacturing techniques including micro-
machining and electrical discharge machining.
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